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Abstract 

In this paper after recalling some essential tools concerning the theory 
of differential forms in the Cartan, Hodge and Clifford bundles over a 
Riemannian or Riemann-Cartan space or a Lorentzian or Riemann-Cartan 
spacetime we solve with details several exercises involving different grades 
of difficult. One of the problems is to show that a recent formula given in 
[10] for the exterior covariant derivative of the Hodge dual of the torsion 
2-forms is simply wrong. We believe that the paper will be useful for 
students (and eventually for some experts) on applications of differential 
geometry to some physical problems. A detailed account of the issues 
discussed in the paper appears in the table of contents. 
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1 Introduction 

In this paper we first recall some essential tools concerning the theory of dif- 
ferential forms in the Cartan, Hodge and Clifford bundles over a n-dimensional 
manifold M equipped with a metric tensor g £ sec T®M of arbitrary signature 
(p, <?); P + Q = n an d also equipped with metric compatible connections, the 
Levi-Civita (D) and a general Ricmann-Cartan (D) one 1 . After that we solved 
with details some exercises involving different grades of difficult, ranging de- 
pending on the readers knowledge from kindergarten, intermediate to advanced 
levels. In particular we show how to express the derivative ( d) and coderivative 
(5) operators as functions of operators related to the Levi-Civita or a Riemann- 
Cartan connection defined on a manifold, namely the standard Dirac operator 
($) and general Dirac operator (d) . Those operators are then used to express 
Maxwell equations in both a Lorcntzian and a Riemann-Cartan spacetime. We 
recall also important formulas (not well known as they deserve to be) for the 
square of the general Dirac and standard Dirac operators showing their relation 
with the Hodge D'Alembertian (0), the covariant D' Alembertian (□) and the 
Ricci operators (1Z & , 1Z & ) and Einstein operator (■) and the use of these oper- 
ators in the Einstein- Hilbert gravitational theory Finally, we study the Bianchi 
identities. Recalling that the first Bianchi identity is Z?T a = A 9 h , where 
T a and TZf, are respectively the torsion and the curvature 2-forms and {6 b } is 
a cotetrad we ask the question: Who is D * T a ? We find the correct answer 
(Eq.(218)) using the tools introduced in previous sections of the paper. Our 
result shows explicitly that the formula for . "D*T a = *1Z^ A# b " recently found 
in [10] and claimed to imply a contradiction in Einstcin-Hilbert gravitational 
theory is wrong. Two very simple counterexamples contradicting the wrong for- 
mula for D * T a are presented. A detailed account of the issues discussed in 
the paper appears in the table of contents 2 . We call also the reader attention 
that in the physical applications we use natural units for which the numerical 
values of c,h and the gravitational constant k (appearing in Einstein equations) 
are equal to 1. 

X A spacetime is a special structure where the manifold is 4-dimcnsional, the metric has 
signature (1,3) and which is equipped with a Levi-Civita or a a Riemann-Cartan connection, 
orietability and time orientation. See below and, e.g., [22, 26] for more details, if needed. 

2 More on the subject may be found in, e.g., [22] and recent advanced material may be 
found in several papers of the author posted on the arXiv. 
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2 Classification of Metric Compatible Structures 

(M, g, D) 

Let M denotes a n-dimensional manifold 3 . We denote as usual by T X M and 
T*M respectively the tangent and the cotangent spaces at x <G M. By 

™ = U eM Ta;M and T * M = U eM T ^ M res P ectivel y thc tangent and 
cotangent bundles. By TJM we denote the bundle of r-contravariant and s- 

r 

covariant tensors and by TM = ©^° s=0 TJM the tensor bundle. By j\TM and 

r 

j\T*M denote respectively thc bundles of r-multivector fields and of r-form 

r 

fields. We call f\TM = (J) _ f\TM thc bundle of (non homogeneous) mul- 

r 

tivector fields and call J\T*M = f\T*M the exterior algebra (Cartan) 

bundle. Of course, it is the bundle of (non homogeneous) form fields. Recall 
that the real vector spaces are such that dim /\ r T X M = dim f\ r T*M — (™) and 

dim l\T* M = 2™. Some additional structures will be introduced or mentioned 

below when needed. Let 4 g € sec T°M a metric of signature (p, q) and D an ar- 
bitrary metric compatible connection on M, i.e., Dg= 0. We denote by R and 
T respectively the (Ricmann) curvature and torsion tensors 5 of the connection 
D, and recall that in general a given manifold given some additional conditions 
may admit many different metrics and many different connections. 
Given a triple (M, g, D): 

(a) it is called a Riemann- Cartan space if and only if 

Dg=0 and T^O. (1) 

(b) it is called Weyl space if and only if 

Dg^O and T = 0. (2) 

(c) it is called a Riemann space if and only if 

Dg=0 and T = 0, (3) 

and in that case the pair (D, g) is called Riemannian structure. 

( d) it is called Riemann- Cartan- Weyl space if and only if 

Dg^O and T^O. (4) 

(e) it is called fRiemanm) flat if and only if 

Dg = and R = 0, 

3 We left the toplogy of M unspecified for a while. 

4 We denote by sec(X(M)) the space of thc sections of a bundle X(M). Note that all 
functions and differential forms arc supposed smooth, unless we explicitly say the contrary. 
5 The precise definitions of those objects will be recalled below. 
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(f) it is called tclcparallcl if and only if 



Dg = 0, T ^ and R =0. 



(5) 



2.1 Levi-Civita and Riemann-Cartan Connections 

For each metric tensor defined on the manifold M there exists one and only 
one connection in the conditions of Eq.(3). It is is called Levi-Civita connection 
of the metric considered, and is denoted in what follows by D. A connection 
satisfying the properties in (a) above is called a Riemann-Cartan connection. 
In general both connections may be defined in a given manifold and they are 
related by well established formulas recalled below. A connection defines a rule 
for the parallel transport of vectors (more generally tensor fields) in a manifold, 
something which is conventional [20], and so the question concerning which one 
is more important is according to our view meaningless 6 . The author knows 
that this assertion may surprise some readers, but he is sure that they will be 
convinced of its correctness after studying Section 15. More on the subject in 
[22]. For implementations of these ideas for the theory of gravitation see [18] 

2.2 Spacetime Structures 

Remark 1 When dimM = 4 and the metric g has signature (1,3) we some- 
times substitute Riemann by Lorentz in the previous definitions (c),(e) and (f). 

Remark 2 In order to represent a spacetime structure a Lorentzian or a 
Riemann-Cartan structure (M,g,D) need be such that M is connected and 
paracompact [11] and equipped with an orientation defined by the volume el- 

A 4 

ement Tg e sec A T*M and a time orientation denoted by j. We omit here the 
details and ask to the interested reader to consult, e.g., [22]. A general spacetime 
will be represented by a pentuple [M,g,D,Tg,]). 

3 Absolute Differential and Covariant Deriva- 
tives 

Given a diffcrentiable manifold M, let X, Y e sec TM, any vector fields, a e 
secT*M any covector field . Let TM = 0~ =O 7JM be the tensor bundle of 
M and P £ sec TM any general tensor field. 

We now describe the main properties of a general connection D (also called 
absolute differential operator). We have 



6 Even if it is the case, that a particular one may be more convenient than others for some 
purposes. See the example of the Nunes connections in Section 15. 



D : sec TM x sec TM sec T M, 
(X,P)^D X P, 



(6) 
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where D x the covariant derivative in the direction of the vector field X satisfy 
the following properties: Given, differentiablc functions /, g : M — * R, vector 
fields X, Y £ sec TM and P, Q £ sec TM we have 



£/x+ 3 yP = /DxP+gDyP, 
D X (P + Q) = DxP + D x Q, 

D x (fP) = fD x (P)+X(f)P, 
D X {P <g> Q) = D X P ® Q + PtgiDxQ. (7) 

Given Q G sec TJM the relation between DQ, the absolute differential of Q 
and Z?xQ the covariant derivative of Q in the direction of the vector filed X is 
given by 

D: sec TJM -» sec TJ +1 M , 
DQ(X,Xi, ...,X s ,Q!i, ...,a r ) 

= OxQ(^i,->^ 8 ,ai,-,«r). 
Xi,...,X s e secTM,ai,...a r e sec T*M. (8) 

Let U C M and consider a chart of the maximal atlas of M covering U 
coordinate functions {x M }. Let g £ sec T°M be a metric field for M. Let {d^} 
be a basis for TU, U C M and let {6>^ = dx' 1 } be the dual basis of {d^}. The 
reciprocal basis of is denoted {6^}, and g(# M , 0„) := -6 V = 5^. Introduce 

next a set of diffcrentiable functions <7 a , ■ U ^> R such that : 

= « = (9) 

It is trivial to verify the formulas 

»?ab = ?? ab = g*g£<T, (10) 

with 



?7ab = diag(l, 1 -1, - 1 ) 

p times q times 

Moreover, defining 

e b = ®v 



(11) 



the set {e a } with e a £ sec TM is an orthonormal basis for TU. The dual basis 
of TU is {# a }, with 6> a = q*dx^. Also, {# b } is the reciprocal basis of {9 a }, i.e. 
fl a • ^ b = 5 a . 

Remark 3 Wien dim M ^ 4 the basis {e a } o/ TU is called a tetrad and the 
(dual) basis {6* a } ofT*U is called a cotetrad. The names are appropriate ones 
if we recall the Greek origin of the word. 
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The connection coefficients associated to the respective covariant derivatives 
in the respective basis will be denoted as: 



D d d v = T^ v d p , D d d» = -TZ a d a , (12) 

D ea e b = u c ah e c , D 6a e b = -u b c e c , D g ^ e b = uj ph e c , 

D d ^ = -T; a dx a , D d J v = T^9 p , (13) 

D e J h = -^ c O c , D Q f = -^ (14) 

ete... (15) 

Remark 4 T/ie connection coefficients of the Levi-Civita Connection in a co- 
ordinate basis are called Christoffel symbols. We write in what follows 

D Q d v = Y^d p ,b Q dx v = -t» w dx?. (16) 

To understood how D works, consider its action, e.g., on the sections of 
T\M = TM <g) T*M. 

D{X®a) = {DX)®a + X®Da. (17) 
For every vector field V € sec TU and a covector field C £ sec T* U we have 

D dV = D d ^{V a d a ), D Q C = D^(C a 9«) (18) 

and using the properties of a covariant derivative operator introduced above, 
Da V can be written as: 

D d V = D Q ^d a ) = {D d Vrd a 

= {d p y a )d a + v a D d d a 

/ f)V a \ 

where it is to be kept in mind that the symbol D+V a is a short notation for 

K ya ( D d/T ( 2 °) 

Also, we have 

■= [D-C a )6 a (21) 
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where it is to be kept in mind that 7 that the symbol C a is a short notation 
for 

D-C a := (DgC) a . (22) 

Remark 5 The necessity of precise notation becomes obvious when we calculate 

D-ql := {D Q P) V = {D 9 f v dx v ) v = drf r£„<£ = u% h q*, 
D+fi := (DgrfeJ* = d,q* + to^g* = T^, 

thus verifying that D~qf; ^ D+q* ^ and that 

V + W ^-r^ b =0. (23) 

Moreover, if we define the object 

q = e a <g> 6» a = q* e a <g> dx» G sec T^f/ C sec T\M, (24) 

which is clearly the identity endormorphism acting on sections of TU, we find 

D,ql := (Dgq)l = drf + ^ h q h v T^q* = 0. (25) 

Remark 6 Some authors call q € secT^U (a single object) a tetrad, thus for- 
getting the Greek meaning of that word. We shall avoid this nomenclature. 
Moreover, Eq.(25) is presented in many textbooks (see, e.g., [?, 13, 24]) and arti- 
cles under the name 'tetrad postulate ' and it is said that the covariant derivative 
of the "tetrad" vanish. It is obvious that Eq.(25) it is not a postulate, it is a triv- 
ial (freshman) identity. In those books, since authors do not distinguish clearly 
the derivative operators D + ,D~ and D, Eq.(25) becomes sometimes misunder- 
stood as meaning D~q* or D+q*, thus generating a big confusion and producing 
errors (see below). 

4 Calculus on the Hodge Bundle (/\T*M, •, r g ) 

We call in what follows Hodge bundle the quadruple (j\T*M, A,-, Tg). We now 
recall the meaning of the above symbols. 

4.1 Exterior Product 

We suppose in what follows that any reader of this paper knows the meaning of 
the exterior product of form fields and its main properties 8 . We simply recall 
here that if A r G sec f\ r T*M, B s G sec A" T*M then 

A r AB S = (-l) rs B s A A r . (26) 

7 Recall that other authors prefer the notations (Vg V) a := V.™ and (Vg C) a ■= C a -.^- 
What is important is always to have in mind the meaning of the symbols. 
8 We use the conventions of [22]. 
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4.2 Scalar Product and Contractions 

Let be A r = on A ... A a r e sec /\ r T*M, B r = h A ... A b r e sec /\ r T*M where 
Oi,6j e sccA 1 r*M = 1,2, ...,r). 

(i) The scalar product ^4,. • £? r is defined by 

A r ■ B r — (ai A ... A a r ) ■ (h A ... A b r ) 
ai ■ bi .... a\ ■ b r 

(27) 



a r • b\ a r • b r 

where a, • 6j := g(dj,6j). 

We agree that if r = s = 0, the scalar product is simple the ordinary product 
in the real field. 

Also, if r ^ s, then A r ■ B s = 0. Finally, the scalar product is extended by 
linearity for all sections of j\T*M. 

For r < s, A r — a\ A ... A ay, B s — bi A ... A b s we define the left contraction 

by 

j : (A r ,B s ) i ^ A,.jB s = ^2 e n "-- Js (aiA...Aa r )-(6 n A...A6 i? .)~6i r+ iA...Afe ia 

ii <... <i r 

(28) 

where ~ is the reverse mapping (reversion) defined by 

~: sec f\ P T*M 3 a x A ... A a p >-> a p A ... A oi (29) 

and extended by linearity to all sections of f\T*M. We agree that for a,/3 € 

sec /\° T* M the contraction is the ordinary (pointwise) product in the real 
field and that if a e sec /\°T*M, A r € sec /\ r T*M, B s e sec /\ S T*M then 
(a^l r )j^ s = ^t r j(aS s ). Left contraction is extended by linearity to all pairs of 
elements of sections of f\T*M, i.e., for A,B e sec f\T*M 

AjB = ^2{A)rAB}„ r<s, (30) 

r.s 

where (A) r means the projection of A in f\ T*M. 

It is also necessary to introduce the operator of right contraction denoted by 
l. The definition is obtained from the one presenting the left contraction with 
the imposition that r > s and taking into account that now if A r € sec /\ r T*M, 
B s e sec /\ S T*M then B s jA r = (-l) s(r -^Ar^B s . 

4.3 Hodge Star Operator * 

The Hodge star operator is the mapping 

* : sec f\ T*M -> sec T*M, A k ^ *A k 
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where for A k £ sec /\ k T*M 

[B k ■ A k }Tg = B k A *A k , VS fe g scc/\ k T*M (31) 

Tg £ /\" T*M is the metric volume element. Of course, the Hodge star operator 
is naturally extended to an isomorphism * : sec f\ T*M — ► sec f\ T*M by linear- 
ity. The inverse * _1 : sec /\ n ~ r T* M —> sec /\ r T*M of the Hodge star operator 
is given by: 

= (-i) r t n - r hgpg*, (32) 

where sgn g = dctg/| detg| denotes the sign of the determinant of the matrix 
{gap — s( e a, 6/3)), where {e a } is an arbitrary basis of TU. 
We can show that (see, e.g., [22]) that 

*Ak = Ak-iTg, (33) 

where as noted before, in this paper Ak denotes the reverse of Ak- 

Let {*#<*} be the dual basis of {e a } (i.e., it is a basis for T*U = f\ T*U) 
then g^T,^) = g al3 , with g af3 g ap = 5%. Writing ^i-m* = tfw A ... A ^ 
= '& v "+ 1 A ... A i?"" we have from Eq.(33) 

* e m-n v= 1 J\detg\g^ 1 ...g^ v "e Vl „ 0"p+i ••■»'». (34) 
(n-p)! 

Some identities (used below) involving the Hodge star operator, the exterior 
product and contractions are 9 : 

A r A *.B S = B s A *A r ; r = s 
A r • *£> s = B s ■ -kA r ; r + s = n 

A r A*B S = (-l)''( s -!) *(l rJj B s ); r<s (35) 
A r j -k B s ~ (— l) rs * (A r A Bs); r + s<n 
★Tg- = sign g; *1 = T g . 

4.4 Exterior derivative d and Hodge coderivative 5 

The exterior derivative is a mapping 



satisfying: 



d : sec f\ T* M -» sec /\ T* Af , 



(i) d(A + B) = cL4 + dB; 

(ii) d(A A B) = dA A B + A A dB; 
(hi) df(v) = v(f); 

(iv) rf 2 = 0, 



(36) 



for every A, B £ sec f\T*M, f £ sec A° T*M and w e sec TM. 



9 See also the last formula in Eq.(45) which uses the Clifford product. 
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The Hodge codifferential operator in the Hodge bundle is the mapping 5 : 
sec /\ r T*M — > sec /\ T*M, given for homogeneous multiforms, by: 

5= (-ly^d*, (37) 

where * is the Hodge star operator. The operator 8 extends by linearity to all 
/\T*M 

The Hodge Laplacian (or Hodge D'Alembertian) operator is the mapping 
: sec f\ T*M -» sec f\T*M 

given by: 

= -(dS + Sd). (38) 

The exterior derivative, the Hodge codifferential and the Hodge D' Alcm- 
bertian satisfy the relations: 

dd = SS = 0; () = (d-S) 2 

dO = Od; 50 = 05 . . 

5*= (-l) r+1 *d; *5=(-l) r d* ( ' 

d5* = *5d; *dS = Sd*; *0 = * • 



5 Clifford Bundles 

Let (M, g, V) be a Ricmannian, Lorcntzian or Riemann-Cartan structure 10 . As 
before let g € sec T^M be the metric on the cotangent bundle associated with 
g € sec T 2 °M. Then T*M ~ K M , where W> q is a vector space equipped with 
a scalar product • = g| x of signature (p, q). The Clifford bundle of differen- 
tial forms (X(M,g) is the bundle of algebras, i.e., C£(M,g) = U xeM C£{T*M,»), 
where Vx e M, Cl(T*M,») = a real Clifford algebra. When the structure 
(M, g, V) is part of a Lorentzian or Riemann-Cartan spacetime C£(T*M,u) = 
Ri 3 the so called spacetime algebra. Recall also that C£(M,g) is a vector bun- 
dle associated with the g-orthonormal coframe bundle Pso e { ^-^g); i- e -> 
Cl{M,g) = P so = p _ 4) (M, g) x ad M l!3 (sec more details in, e.g., [16^22]). For any 
x e M, C£(T*M, •) is a linear space over the real field R. Moreover, C£(T*M) is 
isomorphic as a real vector space to the Cartan algebra /\ T*M of the cotangent 
space. Then, sections of C£(M, g) can be represented as a sum of non homo- 
geneous differential forms. Let now {e a } be an orthonormal basis for TU and 
{6» a } its dual basis. Then, g(6» a ,0 b ) = r/ ab . 

5.1 Clifford Product 

The fundamental Clifford product (in what follows to be denoted by juxtaposi- 
tion of symbols) is generated by 

e a e h + e b e a = 2rf° (40) 

10 V may be the Levi-Civita connection D of g or an arbitrary Riemann-Cartan connection 
D. 
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and if C £ C£(M, g) we have 

c = s + v a e a + ^b ab e a e h + ^a ahc 9*9 h e c + P e n+1 , (4i) 

where Tg := 8 n+1 = 8° 9 1 9 2 8 3 . . .8 n is the volume element and s, v a , 6 a b, a a bc, 
p £ sec f\°T*M ^ secC£(M, g). 

Let A r ,£ sec f\ r T*M ^ sec«(M,g),B s £ sec /\ S T*M ^ secC£{M,g). 
For r = s = 1, we define the scalar product as follows: 

For a, 6 e sec f\T*M sec C£(M, g), 

a -6= ^(a6+6a) =g(a,6). (42) 

We identify the exterior product (Vr, s = 0, 1,2,3) of homogeneous forms (al- 
ready introduced above) by 

AAB s = (i r S s ) r+s , (43) 

where is the component in f\ k T* M (projection) of the Clifford field. The 
exterior product is extended by linearity to all sections of C£(M, g). 

The scalar product, the left and the right are defined for homogeneous form 
fields that are sections of the Clifford bundle in exactly the same way as in the 
Hodge bundle and they are extended by linearity for all sections of C£(M, g). 

In particular, for A,B £ secC£(M,g) we have 

AjB = J2(- A )rAB) s , r<s. (44) 

r,s 

The main formulas used in the present paper can be obtained (details may be 
found in [22]) from the following ones (where a £ sec /y 1 T*M <—> sec C£(M, g)): 

aB s = ajB s + a A B s , B s a = B s ^a + B s A a, 

a^B s = l -(aB s -(-l) s B s a), 

A r jB s = (-l) ris - r) B s ^A r , 

aAB s =^(aB s + (-l) s B s a), 

A r B s = (A r B s )\, r _ s \ + (A r B s )\ r _ s \ +2 + ••• + (A r B s )\, r+s \ 

m 

= y^,(A r B s }\ r _ s \ +2 k 
fe=0 

*Ak = Ak^Tg = AkTg. (45) 
Two other important identities to be used below arc: 

aj(X Ay) = (ajX)Ay + X A(ajy), (46) 
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for any a £ sec f\T*M and X,y £ sec f\T*M, and 

Aj(BjC) = (iAB)jC, (47) 
for any A,B,C£ sec f\T* M ^ C£{M, g) 

5.2 Dirac Operators Acting on Sections of a Clifford Bun- 
dle C£(M, g) 

5.2.1 The Dirac Operator 9 Associated to D 

The Dirac operator associated to a general Riemann-Cartan structure (M, g, D) 
acting on sections of Ci(M, g) is the invariant first order differential operator 

d = fl a L>e a = ti a D ea . (48) 
For any A £ sec f\ T* M ^ sec Ci(M, g) we define 

d A = d A A + 

9 A 4= 6» a A (D e .-4), djA=e a j(D ea A). (49) 

5.2.2 Clifford Bundle Calculation of D esL A 

Recall that the reciprocal basis of {6> b } is denoted {9 a } with 6* a • #b = ??ab 
(»7ab = diag(l, 1,-1, -1)) and that 

D e J b = -w b c c = -w bc c , (50) 

with u bc = -w a b , and w bc = r^u^rf 1 , w abc = ry a d^bc = -^cba- Defining 

w a = ^ a c #b A 6 C £ sec f\T*M ^ secC£(M,g), (51) 
we have (by linearity) that [16] for any A £ sec f\T*M ^ secC£(M,g) 

De a -4 = ^-4+^,-4], (52) 

where d e& is the Pfaff derivative, i.e., for any A — ^ Ai 1 ...i J> fl'i ...#'»> e scc/\ p T*M <^-> 
secC^(M,g) it is: 

a,.A=i[e a (^ il ... Ip )](9'i ...A-'-. (53) 

5.2.3 The Dirac Operator $ Associated to Z? 

Using Eq.(52) we can show that for the case of a Riemannian or Lorentzian 
structure (M, g, D) the standard Dirac operator defined by: 

$=e a £> ea = r4 OI 

$A = §AA + §jA (54) 
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for any A <E sec /\ T* M sec C£(M, g) is such that 



§f\A = dA, §jA = -5A 



(55) 



i.e. 



(56) 



6 Torsion, Curvature and Cart an Structure Equa- 
tions 

As we said in the beginning of Section 1 a given structure (M, g) may admit 
many different metric compatible connections. Let then D be the Levi-Civita 
connection of g and D a Riemann-Cartan connection acting on the tensor fields 
defined on M. 

Let U C M and consider a chart of the maximal atlas of M covering U 
with arbitrary coordinates {x^}. Let {d^} be a basis for TU, U C M and let 
{0 M = dx^} be the dual basis of {9^}. The reciprocal basis of {9^} is denoted 
{^}, and g(0" , 0„) := 0" • 0„ = <5£. 

Let also {e a } be an orthonormal basis for TU C TM with eb = q^d,,. The 
dual basis of TU is {0 a }, with 6> a = q a dx^. Also, {6*b} is the reciprocal basis 
of {# a }, i.e. # a • #b = <5b- An arbitrary frame on Tf C TM, coordinate or 
orthonormal will be denote by {e a }. Its dual frame will be denoted by 



6.1 Torsion and Curvature Operators 

Definition 7 The torsion and curvature operators r and p of a connection D, 
are respectively the mappings: 



for every u, v <E sec TM. 

6.2 Torsion and Curvature Tensors 

Definition 8 The torsion andcurvature tensors of a connection D, are respec- 
tively the mappings: 



(i.e., dP{e a ) = SP ). 



t(u,v) 
p(u,v) 



D u v - D v u~ [u,v], 
DuDv — D V D U — D[ u ,v] , 



(57) 
(58) 



T(a,u,v) = a(r(u,v)) , 
R(w, a, u, v) = a(p(u, v)w), 



(59) 
(60) 



for every u, v,w e sec TM and a € sec fa 1 T*M. 
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We recall that for any diffcrcntiable functions /, g and h we have 

r(gu,hv) = ghr(u,v), 
p(gu,hv)fw=ghfp{u,v)w (61) 

6.2.1 Properties of the Riemann Tensor for a Metric Compatible 
Connection 

Note that it is quite obvious that 

R(w,a, u, v) = R(w,a, v, u). (62) 

Define the tensor field R' as the mapping such that for every a, u, v, w € sec TM 
and a G sec T* M . 

R'(w,a, u, v) = R(w, a, v,u). (63) 

It is quite ovious that 

R'(w,a,u,v) = a-(p(u,v)w), (64) 

where 

a = g(a, ), a= g(a, ) (65) 

We now show that for any structure (M, g, D) such that Dg = we have for 
c, u,v e sec TM, 

R'(c,c,u,v) = c-(p(u,v)c) = 0. (66) 
We start recalling that for every metric compatible connection it holds: 

u(v(c • c)= u(_D v c • c + c-D v c) —2u(D v c ■ c) 

= 2(D u D v c) ■ c + 2(D u c) ■ D v c, (67) 

Exachanging u <-» v in the last equation we get 

v(u(c • c) =2(D v D u c) ■ c + 2(D v c) ■ D u c. (68) 

Subtracting Eq.(67) from Eq.(68) we have 

[u,v](c-c)=2([£) u ,£) v ]c)-c (69) 

But since 

[u, v](c • c) = J D [U;V] (c • c) = 2(D [UiV] c) • c, (70) 
we have from Eq.(69) that 

([£» u , J D v ]c- J D [U;V] c)-c = 0, (71) 

and it follows that R'(c, c, u, v) = as we wanted to show. 
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Exercise 9 Prove that for any metric compatible connection, 

R'(c,d,u,v) = R'(d,c,v,u). (72) 

Given an arbitrary frame {e a } on TU C TM, let {fl p } be the dual frame. 
We write: 

[ e "' e /3] = C af3 e P 
^ e /3 = L a/3 e P> 

where are the structure coefficientsoi the frame {e Q } and are the con- 
nection coefficientsin this frame. Then, the components of the torsion and 
curvature tensors are given, respectively, by: 

T(^,e a , e/5 )=T^=L^-L^-c^ 
R(e„, 0", e Q , e/J ) = J?/ Q/3 = e a (L^) - e/J (L£„) + L£ ff L^ - L^L^ - c^L^. 

(74) 

It is important for what follows to keep in mind the definition of the (sym- 
metric) Ricci tensor, here denoted Ric e sec T®M and which in an arbitrary 
basis is written as 

Ric =R^ ® iT —R/p^ ® 0" (75) 

It is crucial here to take into account the pZace where the contractions in the 
Riemann tensor takes place according to our conventions. 
We also have: 

where oj^ € sec /\ 1 T*M are the connection 1-forms, ~L p af} are said to be the 
connection coefficients in the given basis, and the T p S sec /\ T*M are the 
torsion 2-forms and the e scc/\ 2 T*M arc the curvature 2-forms, given by: 

, ,P t P ,aa 

rP = \V A & (77) 

Multiplying Eqs.(74) by \$ a A d 6 and using Eqs.(76) and (77), we get: 
6.3 Cartan Structure Equations 

du p +u p Au;e=ll p . ^> 

We can show that the torsion and (Riemann) curvature tensors can be writ- 
ten as 

T = e a ®T a , (79) 
R= e p ®e» ®U p l . (80) 
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7 Exterior Covariant Derivative D 



Sometimes, Eqs.(78) are written by some authors [27] as: 

T><& P = T P , (81) 
" - nr." (82) 

and D : sec /\T* M — > sec /\ T*M is said to be the exterior covariant derivative 
related to the connection D. Now, Eq.(82) has been printed with quotation 
marks due to the fact that it is an incorrect equation. Indeed, a legitimate 
exterior covariant derivative operator 11 is a concept that can be defined for 
(p + g)-indexed r-form fields 12 as follows. Suppose that X g sec T^ +q M and let 

es CC /\VM, (83) 

such that for Vi € sec TM, i = 0, 1,2, ..,r, 

X^;;;;^(v u ...,v r )=X(v u ...,v r ,e Ul ,...,e Vq ,^\...,^). (84) 

The exterior covariant differential D of Jf£ 1 V."i^ p on a manifold with a general 
connection D is the mapping: 

D : sec f\ T*M -> sec /\ r+1 T*M, < r < 4, (85) 

such that 13 

{r + l)nX%;;;;%{vo,v u ...,v r ) 

r 

- Yl (-ir^(%,^),»o,«i,.--,«A,... ! ^,-.^ne, 1 ,..,e I , 9 ,r i ..,^). 

0<A, ? <r 

(86) 

Then, we may verify that 

D.V/; = r/^V.:.:/:;- + < A X£/.y * + . . . + W £ A X/;;;;;;,^ (87) 
- < A X>; : ;;;;>> : - ... - w£ A 



11 Sometimes also called exterior covariant differential. 

12 Which is not the case of the connection 1-forms despite the name. More precisely, 
the u>p arc not true indexed forms, i.e., there does not exist a tensor field ui such that 
u>(ei,e ,d a ) = uJp(e l ). 

13 As usual the inverted hat over a symbol (in Eq.(86)) means that the corresponding symbol 
is missing in the expression. 
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Remark 10 Note that if Eq.(87) is applied on any one of the connection 1- 
forms utf we would get T)lu£ = duu£ + u)£ A — oj™ A u£. So, we see that 
the symbolGuj^ in Eq.(82), supposedly defining the curvature 2-forms is simply 
wrong despite this being an equation printed in many Physics textbooks and 
many professional articles 14 ! . 

7.1 Properties of D 

The exterior covariant derivative D satisfy the following properties: 

(a) For any X J e sec /\ r T* M and Y K e sec /\ S T*M are sets of indexed 
forms 15 , then 

V(X J A Y K ) = VX J A Y K + {-l) rs X J A VY K . (88) 

(b) For any X^—^ € sec /\ r T* M then 

DDF-''' = dX^--^ + n^ 3 A X^--^ + ...Wfc A X^ 1 --^. (89) 

(c) For any metric-compatible connection D if g = g^fi^ (8> "& v then, 

Dff„„ = 0. (90) 

7.2 Formula for Computation of the Connection 1- Forms 

In an orthonormal cobasis {0 a } we have (see, e.g., [22]) for the connection 1- 
forms 

to cA = l - [8 d jd8 c - 6 c jde A + c j(0 d jd0 a )0 a ] , (91) 
or taking into account that d9 & = — \c^9* A k , 

^ cd = \ (-c^V di + <? k r? cj - V ca V^V di &)0 k - (92) 



8 Relation Between the Connection D and D 

As we said above a given structure (M,g) in general admits many different 
connections. Let then D and D be the Levi-Civita connection of g on M and 
D and arbitrary Riemann-Cartan connection. Given an arbitrary basis {e a } on 
TU C TM, let {$ p } be the dual frame. We write for the connection coefficients 

14 The authors of reference [27] knows exactly what they are doing and use "DuJ = 7££" 
only as a short notation. Unfortunately this is not the case for some other authors. 
15 Multi indices are here represented by J and K. 
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of the Riemann-Cartan and the Levi-Civita connections in the arbitrary bases 

{e a },m-- 

D ea e p =L p ap e p , D e J p = -L p a ^, 

D ea e = L p a0 e p , D e J p = -t» a ^. (93) 

Moreover, the structure coefficients of the arbitrary basis {e a } are: 

[e a M = c p ap e p . (94) 

Let moreover, 

bP ap = -(£e,>g)a(), (95) 

where £ eP is the Lie derivative in the direction of the vector field e p . Then, we 
have the noticeable formula (for a proof, see, e.g., [22]): 

>r is ca 

decomposed as: 



where the tensor is called the strain tensor of the connection and can be 



SU = S p a0 +ls"g a0 (97) 
where S P p is its traceless part, is called the shear of the connection, and 

*" = \<rS$„ (98) 

is its trace part, is called the dilation of the connection. We also have that 
connection coefficients of the Levi-Civita connection can be written as: 

K> = + (") 

Moreover, we introduce the contorsion tensor whose components in an ar- 
bitrary basis are defined by 

K P = Ke-iU = \{T p aP + s' af) ), (loo) 

and which can be written as 

Kp = -\r{9A + 9^ a g^). (101) 

We now present the relation between the Riemann curvature tensor R p p a p 
associated with the Riemann-Cartan connection D and the Riemann curvature 
tensor i? M p Q /3 of the Levi-Civita connection D. 

Rfj, P al3 = Rn P ap + J n P [al3], (102) 
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where: 

Vaf, = 4*£„ - Kf^IC^ = D a K?^ K^ie^ + K K„- (103) 
Multiplying both sides of Eq.(102) by \d a A 6 13 we get: 

K = K + ^ ( 104 ) 

where 

3£ = ^J/W]0 a A^. (105) 

From Eq.(102) we also get the relation between the Ricci tensors of the 
connections D and D. We write for the Ricci tensor of D 



(106) 



Ric = R^adx^ <g> dx v 

p R P 

f^fia • — otp 

Then, we have 
with 

J — T) K p — b K p + K p K° — K p K° 

= D a K p pp D p K p ap - K p aa K^ + K p pr7 ^. (108) 

Observe that since the connection D is arbitrary, its Ricci tensor will be not 
be symmetric in general. Then, since the Ricci tensor R^ a of D is necessarily 
symmetric, we can split Eq.(107) into: 

(109) 

9 Expressions for d and (!) in Terms of Covariant 

o 

Derivative Operators D and D 

We have the following noticeable formulas whose proof can be found in, e.g., 
[22]. Let Q e sec f\T*M. Then as we already know 

dQ = # a A(D ea Q) = $AQ, 

SQ=-tf a j(D ea Q) = $jQ. (110) 
We have also the important formulas 



dQ = -d a A (D ea Q) — T a A (l? a jQ) =d A Q - T a A (0 q jQ), 
= -rj(O ea Q) - T Q j(tf Q A Q) = -9jQ - r a j(^ a A Q). (Ill) 



20 



10 Square of Dirac Operators and D' Alember- 
tian, Ricci and Einstein Operators 

We now investigate the square of a Dirac operator. We start recalling that 
the square of the standard Dirac operator can be identified with the Hodge D' 
Alcmbertian and that it can be separated in some interesting parts that we 
called in [22] the D'Alembertian, Ricci and Einstein operators of (M,g,D). 

10.1 The Square of the Dirac Operator <$ Associated to D 

The square of standard Dirac operator $is the operator, $ = $$: sec f\ p T* M <—> 
sec C£(M, g) -> sec /\ p T* M <-> sec C£(M, g) given by: 

$ 2 = ($a + $j)($A + $j) = {d-5)(d- 6) (112) 



It is quite obvious that 

$ 2 = -(dS + Sd), (113) 

and thus we recognize that $ 2 = is the Hodge D'Alembertian of the manifold 
introduced by Eq.(38) 

On the other hand, remembering the standard Dirac operator is i9 a D ea , 
where {d a } is the dual basis of an arbitrary basis {e a } on TU C TM and D is 
the Levi-Civita connection of the metric g, we have: 

= 9 af} {b ea b e0 - tf aP b ep ) + d a a ^{b e b eii - t p afi b ep ). 

Then defining the operators: 



(a) $■$ = g^(b ea b e? -t^b ep ) 

(b) = # a A$e(b ea b e(3 -L p af} b ep ), 



(114) 



we can write: 

= § 2 =§-§+§A§ (115) 

or, 

$ 2 = ($j + $A)($j + $A) 

= $J$A + $A$j (116) 

It is important to observe that the operators $ and $A $ do not have 
anything analogous in the formulation of the differential geometry in the Cartan 
and Hodge bundles. 

The operator $can also be written as: 



lg a0 

2 y 



D ea D e0 +D e0 D ea -b p a0 D ep . (117) 
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Applying this operator to the 1-forms of the frame {9 a }, we get: 

= -lg af3 M p » a fse», (118) 



2 

where: 



M/ Q/3 = e a (i» p ) + e^t p p ) t p a lf jp t% a t' ap b° af M P - (H9) 

The proof that an object with these components is a tensor may be found in [22]. 
In particular, for every r-form field uu € sec/\ r T*M, ui = ^ w ai ... Qr ai A. . .A0 Qr , 
we have: 

($■ $)u = -.g aSi b a b (i u ai ... ar e^ a ... a e a ", (120) 

r! 

where D a Df3U> ai ... ar are the components of the covariant derivative of u>, i.e., 
writing D ep w = ^D^ ai ... ar ai A ... A 6 ar , it is: 

DpUai...a r = ep(u ai ... aT ) - Lp ai LU aa2 ... ar LJL r a; ai...a r _i<T- (121) 



In view of Eq.(120), we give the call the operator □ = the covariant 
D'Alembertian. 

Note that the covariant D'Alembertian of the 1-forms z9 M can also be written 

as: 

($•$)#< = g a Pb a b p 5;r = ^(b a b^ + bpb a 8$)&> 

and therefore, taking into account the Eq.(118), we conclude that: 

M p \ = -(b a b^ + b /3 b a 6^. (122) 

By its turn, the operator $A $ can also be written as: 

hgp A d f3 



D a D p - D D a - c p aSi D p \ . (123) 
Applying this operator to the 1-forms of the frame {$ p }, we get: 



($A $0" = - l -Rp^ a p{^ a A ¥ 3 )$ p = -IZ^p, (124) 

where Rp^ap are the components of the curvature tensor of the connection b. 
Then using the second formula in the first line of Eq. (45) we have 

'R-p9 p = 'R-p c \-O p + iZ-p A 9 P . (125) 

The second term in the r.h.s. of this equation is identically null because due 
to the first Bianchi identity which for the particular case of the Lcvi-Civita 
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connection (T p = 0) is W£ A 6 P = . The first term in Eq.(125) can be written 

= \k P ^ aP epj{e a a 0") 

= -g^Rp^f^ = -i^, (126) 

where are the components of the Ricci tensor of the Levi-Civita connection 
D of g. Thus we have a really beautiful result: 

($A%6» = (127) 

where TV 1 = Rf^O 13 are the Ricci 1-forms of the manifold. Because of this relation, 
we call the operator $A $ the Ricci operatorof the manifold associated to the 
Levi-Civita connection D of g. 

We can show [22] that the Ricci operator $A $ satisfies the relation: 

§A$=K a Ai a +K pa Ai p i CT , (128) 

where the curvature 2-forms arc K pa = \R pa af3 $ a A -d f) and 

i aU j : = 4 JW . (129) 

Observe that applying the operator given by the second term in the r.h.s. of 
Eq.(128) to the dual of the 1-forms d p , we get: 

n pa a i p i ff * 0" = n pa * tf"j(?r j * 

= -7^ p(T A*(rAr*r) (130) 

where we have used the Eqs.(35). Then, recalling the definition of the curvature 
forms and using the Eq.(28), we conclude that: 

K pa A (0„_rt? ff j * 0") = 2 * (£" - = 2 * 0", (131) 

where .R is the scalar curvature of the manifold and the Q p may be called the 
Einstein 1 -form fields. 

That observation motivate us to introduce in [22] the Einstein operator of 
the Levi-Civita connection D of g on the manifold M as the mapping ■ : 
secC^(M,g) — > sec C£(M, g) given by: 

■ = I*' 1 (K pa Ai p i CT )*. (132) 
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Obviously, we have: 



1(9" = Q» = - ^Rd*. (133) 



In addition, it is easy to verify that * 1 ($A $)* = — $A $ and * 1 (TZ cr A = 
71° Thus we can also write the Einstein operator as: 

■ = ~(4>A4Wjj CT ), (134) 

where 

M=iAA (135) 

for any A E sec f\T* M ^ sec C£(M, g) . 

We recall [22] that if ui£ are the Levi-Civita connection 1-forms fields in an 
arbitrary moving frame on (M,g,D) then: 

(a) (W = 

(b) ($A$)^ = -($Aw£ - w£ Aw^, 1 j 

and 

$ 2 ^ = - t^£)i? p . (137) 

Exercise 11 Show that fi p A ■d a 'R f " J = —R, where R is the curvature scalar. 



10.2 The Square of the Dirac Operator d Associated to D 

Consider the structure (M,g,D), where D is an arbitrary Ricmann-Cartan- 
Weyl connection and the Clifford algebra C£(M, g) . Let us now compute the 
square of the (general) Dirac operator d = d a D ea . As in the earlier section, we 
have, by one side, 

d 2 = (9j+ dh){dj+ OA) 

= 9j9j+ djdf\+ 9A9j+ d A dA 

and we write 8j8j = d 2 j, dA dA = d 2 A and 

C+ = djd A+ d Adj, (138) 

so that: 

d 2 = d 2 j + £+ + d 2 A . (139) 

The operator C + when applied to scalar functions corresponds, for the case of a 
Ricmann-Cartan space, to the wave operator introduced by Rapoport [23] in his 
theory of Stochastic Mechanics. Obviously, for the case of the standard Dirac 
operator, £ + reduces to the usual Hodge D' Alcmbertian of the manifold, which 
preserve graduation of forms. For more details see [18]. 
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On the other hand, we have also: 

d 2 = (d a D ea )(^D eii ) = # a (^D ea D e0 + (D e JP)D e0 ) 

= 9 afj (D ea D efi - KpD ep ) + $ a A ^{D ea D ee - L^D Cp ) 

and we can then define: 

dd = g^(D ea D ep -L^D ep ) 
dAd = 9 a A6P(D ea D e0 --L p af3 D ep ) 



(140) 



in order to have: 

d 2 = dd = d- d + d Ad . (141) 
The operator d ■ d can also be written as: 

d .d=\e«- 6?{D ea D efi - L p a0 D £p ) + l -6P ■ 6 a (D e0 D ea - L^ a D ep ) 
1 



= -g al3 [D ea D efi + D e0 D ea - {V + L$ a )D ep ] (142) 



or, 

d ■ 8 = l -g^{D ea D e0 + D efj D ea - b p ap D ep ) - s"D ep , (143) 

where s p has been defined in Eq.(98). 

By its turn, the operator d A d can also be written as: 

dAd=\v*A ^{D ea D ep - K (i De p ) + \& A # a (D ep D ea h$ a D Cp ) 
= \d a A ^[D ea D e0 - D ep D ea - (L^ - LgJAj 

or, 

9 A 8 = V A ^(D ea D ep - D efj D ea - c^D Gp ) - T p D Gp . (144) 

Remark 12 For the case of a Levi-Civita connection we have similar formulas 
for $ (Eq.(142)) and $A $ (Eq.(144)) with D, and of course, TP = 0, as 

follows directly from Eq.(114). 



11 Coordinate Expressions for Maxwell Equa- 
tions on Lorentzian and Riemann-Cartan Space- 
times 

11.1 Maxwell Equations on a Lorentzian Spacetime 

We now take (M, g) as a Lorentzian manifold, i.e., dim M = 4 and the signature 
of g is (1, 3). We consider moreover a Lorentzian spacetime structure on (M, g), 
i.e., the pentuple (M, g, D,Tg,1) and a Riemann-Cartan spacetime structure 
(M,g,D,rg,V. 
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Now, in both spacetime structures, Maxwell equations in vacuum read: 

dF = 0, SF = -J, (145) 

A 2 

where F e sec A T*M is the Faraday tensor (electromagnetic field) and J e 
sec/y T*M is the current. We observe that writing 



F = l -F^dx» A dx v = l -F^ A 0" = \f^\ 



(146) 



we have using Eq.(34) that 



*F = \F^6n = ^F pa $t>° = \{F^ l -^^g\g^g^e aSipa )W° (147) 



(148) 



Thus 

*F pa = (*F) pff = \F^^\d^g^g^e at 

The homogeneous Maxwell equation dF = can be writing as S * F = 0. 
The proof follows at once from the definition of S (Eq.(37)). Indeed, we can 
write 

= dF = d** _1 F = *6*~ 1 F = -*5*F = 0. 
Then * 5 * F — and we end with 



J*F = 0. 

(a) We now express the equivalent equations dF = and 5 * F = in arbitrary 
coordinates {x^} covering U C M using first the Levi-Civita connection and 
noticeable formula in Eq.(llO). We have 

dF = e a a (Dg a F) 
1 



= -9 a A 
2 

= -(9° A 
2 

= -(9° A 
2 

= \D a F pu 6 a A ^ A 0" 



\(yAf) 
(D a F^)9» A 0"' 



^ Q F^r A^Afi A 0" A 6 a + \b v F a ^ Af Af 

^ Q F^r A 0" A 0" + ^ W AfAf + ^A, V A ^ A 0" 



b f \ 



9 a A 8^ A 6 V . 
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So, 

dF = £) a F„ v + i>„F„ Q + = 0. (149) 

If we calculate dF = using the definition of d we get: 

dF= ^(d a F„ v )6 a AO" A0" (150) 



_ 1 

~~ 6 

from where we get that 



(d a F^ + 0^F ua + d v F alx ) 9 a A 0" A 0", 



dF = <^=> a a F M „ + + 0„F aM = D a F^ + D^F^ + D u F alx = 0. 

(151) 

Next we calculate 5 * F = 0. We have 

<**F = -e a j(b da *F) 

= -^j {(a Q *F^)r Ar- *i^,f^ a ^ - *i^f^0" a 0"} 
= - Vj {(a Q *F^)r Af- *F^f a r - *F w f <> av w a o v } 
= - l -e a j[{b a *F^)e»he»} 

= - l - {{b a *F^)g a »e» - (D a *F^)g av 6»} 
= -(D a *F^)g a ^ 

= -[b a (*F^w 

= -{D a *F a v )]6 v . (152) 
Then we get that 

b a F^ + b^F va + D v F aii = 0<^dF = 0^5*F = D a *F° = 0. (153) 

(b) Also, the non homogenoeous Maxwell equation SF = — J can be written 
using the definition of S (Eq.(37)) asd*F = -*J: 

SF = -J, 
(— l) 2 d*F = -J, 
d*F = — * J, 

d*F = -*J. (154) 
We now express SF = — J in arbitrary coordinates 16 using first the Levi- 



16 We observe that in terms of the "classical" charge and "vector" current densities we have 

j= P e -j i e i . 
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Civita connection. We have following the same steps as in Eq.(152) 

SF + J = -U a j {b da [F^e* A 0"]} + J v d v (155) 

= {-b a FZ + J v )e v . 

Then 

8¥ + i = 0^D a F au = J V . (156) 

We also observe that using the symmetry of the connection coefficients and 
the antisymmetry of the F av that f v ap F ap = -T v ap F ap = 0. Also, 

f« p = a p ln^det^=^i=a p ^det^ ) 

vl dct s\ 



and 



D a F av = d a F av + Y% p F pv + T v ap F ap 
= d a F av + Y a ap F pv 



Then 



d p F»» + — ^=d p (^\detg\)F p ». 



D a F av = j v , 

Vldet^i^ + d p (^\fetg\)F pv = ^\drtg\r, 



d p (^/\detg]F pv ) - v^detgjJ^, 

-J= dp (V\d^g\Fn = J», (157) 
Vldet g\ 



and 



sf = o b a F av = r «• . 1 d p (^/\fetg]F pv ) = r. (158) 

vl dct s\ 

Exercise 13 Show that in a Lorentzian spacetime Maxwell equations become 
Maxwell equation, i.e., 

$F = J. (159) 

11.2 Maxwell Equations on Riemann-Cartan Spacetime 

From time to time we see papers (e.g., [19, 25]) writing Maxwell equations 
in a Riemann-Cartan spacetime using arbitrary coordinates and (of course) 
the Riemann-Cartan connection. As we shall see such enterprises are simple 
exercises, if we make use of the noticeable formulas of Eq.(lll). Indeed, the 
homogeneous Maxwell equation dF = reads 

dF = e a A(D 9a F)-T a A{6 a jF) = (160) 
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or 

+ D^Fua + D v F aii )9 a A 6" A 0" 

- \\ T pJ P A d ° A [Oa-iF^O" A ^)] 

= \{D a F^ + + D„F afJ _)9 a AfAf 

= ^(Da^ + + A,^)*" AfAf 

- ^( V- + ^F CTQ + T° a F alJl )9 a AfA^ 
= ^(Da^ + A^a + D v F a ^)6 a AfAf 
+ ^(F a<r 2£, + F^TZ a + F va T^)6 a AfAr 

i.e., 

rfF = D a ^ + ^^ a + ^F a ^ + F CTa T^ + F^T^ + ^ CT T^ = 0. (161) 

Also, taking into account that dF = (5 * F = we have using the second 
noticeable formula in Eq.(lll) that 

S * F =-6 a 4D ea * F) - T a j(9 a A *F) = 0. (162) 

Now, 

a j(D ea * F) - (D a *FZ)9 v = (D a *F a »)9 u (163) 

and 

T a j(9 a A *F) 

= ^(^ A 0')_i(0 Q A A fl") 

= \T^*F^ A 0')_i(0 a AfA 0") 

= ^Wj^A^AJv)] 

= ^T^/F^^X^^ A 0„ - <5£0 a A 0„ + % A M ) 

= \t^F^9"49, A ^) - ^T^/F^^X^ A 6 V ) + ^T^F^6^(6 a A 0„) 
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= l^F^ee^ a e v ) - ^t^f^o?^ a e v ) + \t;;f» p 8^(8^ a e v ) 
= \(Tp a *F^ - t£ p *fp" + T^;F v p)e p j{e^ a e v ) 

= \{T^F^ - Tg/FP" + T^*F vp ){8^6 v S%) 

= -(T^ a * F^" — T p *F pv + T p p F vp )8 v — -(T pa *F up — T^*F PP + T pp * F PP )8 V 

= \ (T^F^ - T p ;F pv + T;;F pp )8 v (164) 
Using Eqs.(163) and (164) in Eq.(162) we get 

D a *F au + ^{T^ a *F^ - T£*F pv + T^pF^) = (165) 

and we have 

dF = <S> (5*F =0 & D a *F av +^(T« a *F>^ -T£*F plJ + T»*F PP ) = 0. (166) 

Finally we express the non homogenous Maxwell equation SF = —3 in arbitrary 
coordinates using the Riemann-Cartan connection. We have 

SF = -6 a j(D ea F) - T a j(8 a A F) 

= —[D a F av + l -(T^F^ - T p p *F pv + T; p *F pp )}9, = -J V 8 V , (167) 

i.e., 

D a F av + ^(T« a *F p " - T p *F pu + T v pp *F pp ) = J v . (168) 

Exercise 14 Show (use Eq.(lll)) that in a Riemann-Cartan spacetime Maxwell 
equations become Maxwell equation, i.e., 

dF = J + T a j(6» a AF) -T a A (6» aJ F). (169) 

12 Bianchi Identities 

We rewrite Cartan's structure equations for an arbitrary Riemann-Cartan struc- 
ture (M, g, D, Tg) where dim M = n and g is a metric of signature (p, q), with 
p + q = n using an arbitrary cotetrad {8 a } as 



where 



T a = dd a + uj a A 8 h = T)8 a , 
Til = dcu a + uj a A 

, ,a a nc 

T a = ^Tg c 8 h A 8 C 
IZfr = -i?b a cd^ c A 8 d . 



(170) 

(171) 
(172) 
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Since the T a and the are index form fields we can apply to those objects 
the exterior covariant differential (Eq.(87)). We get 



DT a = rfT a + luI A T b = d 2 6 a + d(co^ A 9 h ) + ujI A T b 
= rfw a A 6» b - ujI A d(9 b + w a A T b 
= (LjI A 6» b - w a A (T b - w b A 6> c ) + ujI A T b 
= (rfw a + w a A wg) A 6> b 

= K% A <9 b (173) 

Also, 

Dftg = tfKg + w a A TV^ — o>£ A 

= d 2 ul + dio* A w£ - dtol ALU*-KlALal+K c h ALol 

= dto* AloI- (dco* + w^A u*) A wj= - dw a A + (dw£ + wj A A w a 

= -w a A wj? A loI + w§ A A iu* 

= -w a A w c d A + co* A co£ A w a 

= -w a Aw c d Awg +^ Alo* Awg = 0. (174) 

So, we have the general Bianchi identities which are valid for any one of the 
metrical compatible structures 17 classified in Section 2, 

DT a = 111 A b , 

T>Kl = 0. (175) 

12.1 Coordinate Expressions of the First Bianchi Identity 

Taking advantage of the calculations we done for the coordinate expressions of 
Maxwell equations we can write in a while: 

DT a = dT a + tol A T b 

= ^ ( W + <A + d a T^ + uj» b T^ + d p T» a + ^ b T b Q ) r A r A 0". 

(176) 

Now, 

W/J = (d^ p )T p afj + g a ^T^, (177) 
and using the freshman identity (Eq.(23)) we can write 

<A = = - {d»q*)T^. (178) 

So, 



17 For non metrical compatible structures we have more general equations than the Cartan 
structure equations and thus more general identities, see [22]. 
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= f^Kp + V'p + r^J. (179) 
Now, recalling that T* a = T* a — T% wc can write 

Qp(V^ + r; TZ K )e» a e a a (iso) 

Using these formulas we can write 
DT a 

= ^Qp {DpT^ p + D a T^ + DpT? a + T* a T p fj + T^T^ + T^T£ a ] fAfA 0*. 

(181) 

Now, the coordinate representation of 7?.^ A 9 h is: 

K a b Afl b = |<£(i?/a/3 + R a p pp + Rp p p a )6» A 9 a A 0* (182) 
and thus the coordinate expression of the first Bianchi identity is: 

(183) 

which we can write as 

E = E - , (184) 

(pa/3) (pafj) 

with E denoting as usual the sum over cyclic permutation of the indices 

(pa0) 

(na(3) . For the particular case of a Levi-Civita connection D since the T p ^ = 
we have the standard form of the first Bianchi identity in classical Riemannian 
geometry, i.e., 

Rp p a p + R a p pp + Rp p p a = 0. (185) 

If wc now recall the steps that lead us to Eq.(166) we can write for the 
torsion 2- form fields T a , 

= (-l)™- 2 *(5*- 1 T a = (-l)"- 2 (-l)"- 2 sgng-*£*T a 

= (-I)™" 2 *- 1 (5*T a . (186) 
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with sgng-= detg/ |detg|. Then we can write the first Bianchi identity as 

5 *T a = (— 1)"~ 2 * A b — w a A T b ], (187) 

and taking into account that 

*(ft£ A 8 b ) = *(8 b A Til) = 6 b j * 111, 

AT b ) = w a j*T b , (188) 

we end with 

<S*T a = (-l) n - 2 (0 b j*ft£ -w a j*T b ). (189) 

This is the first Bianchi identity written in terms of duals. To calculate its 
coordinate expression, we recall the steps that lead us to Eq.(166) and write 
directly for the torsion 2-form fields T a 



<5*T S 



-(D a *T* al ' + l -(T^T^ v - T£*T & p v + T^ p *T af * p ))8„. (190) 



Also, writing 



^b=^VAfl d , (191) 



we have: 



*(-K a A6» b ) = b j*ft£ 



= ^N^bcd0 C A0 d ) 

= *K cd v bc e d 

= *R ca cd e d = *R ca c d 9 d = *R c& c A q^6 v . (192) 



On the other hand we can also write: 
*(^A6> b ) = 6> b j*^ 



^ b X 7 ^2)T i? b akl ^imn0 m A n ) 

\ fa = 2)T ( i? b kleklmn7 ' bm A 9n - #b kl ekimn?7 bn A m ) 

1 n akl bm/in ' nmakl nn 

7 e k i mn ?7 U — —K eidmntf 

[n — 2)1 [n — 2)\ 

1 n akl mn/i 

~ akl^ mn v / 



(n-2)! 



75 aKl mn 
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from where we get in agreement with Eq.(34) the formula 

*#°cd = 7 ^TT^ makl £mkld, (193) 

[n — 2)1 

which shows explicitly that *R C a cd are not the components of the Ricci tensor. 
Moreover, 

c^j*T b (194) 
Collecting the above formulas we end with 



D a *T aau +-(T^T ap "-T p p *T ap "+T^T atlp ) = (-l) n_1 (* R ca c d q v A -uf h T hoiv ), 

(195) 

which is another expression for the first Bianchi identity written in terms of 
duals. 

Remark 15 Consider, e.g., the term D a *T aa " in the above equation and write 

D a *T aa " = D a {q a *T pa »). (196) 

We now show that 

D a {q a *T pav ) ^ q a D a *T pa,/ . (197) 
Indeed, recall that we already found that 

{D a *T aav )6 v = -S*T a + ^{T£ a *T ap * v - T p p *T apu + T v ^T app )d v , (198) 

and taking into account the second formula in Eq.(lll) we can write 

9 a j(D da *T a ) = -S*T a + l -(T^T apv - T^*T apv + T» p *T app )6 v . (199) 

Now, writing *7 a = \q a *T ppv 6^ A 6 V and get 
d a 4D da *T a ) 

= \o a AD da {q^T ppv e^A9 v )] 

_ 1 

~ 2 
_ 1 

~ 2 
1 



Q j[d a {q a ;T pp »)6^ A6 U + q a *T p ^D da (0„ A 6 V )\ 

^Aid^yT^e^ A 6 V + fid^T"^ A 9 V + q^T^Dg^ A 6,)} 



-0 a j[(0 a <£)*T" w '0, 1 A8 V + q a D a (*T P nO„ A V \ 
{d a q a p YT pp »5l]9 u + ^D a {*T^ v )8°e v . (200) 
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Comparing the Eq.(??) with Eq.(199) using Eq.(200) we get 



D a *T* a »9 u = D a (q a p *T^9 y ) = (d a q a p )*TP^ + q*D a CT P n, (201) 

thus proving our statement and showing the danger of applying a so called 
"tetrad postulate" asserting without due care on the meaning of the symbols that 
" the covariant derivative of the tetrad is zero, and thus using "D a q p = 0". " 



Exercise 16 Show that the coordinate expression of the second Bianchi identity 

(202) 



Dftg = is 



(pvp) 



1 vii^fi ap- 
(pup) 



Exercise 17 Calculate *TZ^ A 9 h in an orthonormal basis. 

Solution: First we recall the *7?.^ A 9 h = 9 h A +71^ and then use the formula 
in the third line of Eq.(35) to write: 

*(^b) 



9 h A *ft£ 



= — * 



= -*lK cd v hc o d ] 

= -*[R c % d 9 d ] = -*[R» c dc 9 d ] 

= -*[n%6 d ] = -*rc a 

Of course, if the connection is the Levi-Civita one we get 



A -klZt 



*R*.9 h 



(203) 
(204) 



13 A Remark on Evans 101^ Paper on "ECE 
Theory" 

Eq. (195) or its equivalent Eq.(201) is to be compared with a wrong one derived 
by Evans from where he now claims that the Einstcin-Hilbcrt (gravitational) 
theory which uses in its formulation the Levi-Civita connection D is incompat- 
ible with the first Bianchi identity. Evans conclusion follows because he thinks 
to have derived "from first principles" that 

D*T a = A 6> b , (205) 

an equation that if true implies as we just sec from Eq.(203) that for the Levi- 
Civita connection for which the T a = the Ricci tensor of the connection D is 
null. 

We show below that Eq.(205) is a false one in two different ways, firstly 
by deriving the correct equation for D*T a and secondly by showing explicit 
counterexamples for some trivial structures. 
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Before doing that let us show that we can derive from the first Bianchi 
identity that 

R a \ d = 0, (206) 

an equation that eventually may lead Evans in believing that for a Levi-Civita 
connection the first Bianchi identity implies that the Ricci tensor is null. As 
we know, for a Levi-Civita connection the first Bianchi identity gives (with 

Hi A 6 h = 0. (207) 
Contracting this equation with 9 a we get 

UKbA« b ) = M« b AK a b ) 

= £££ - e h a {e^iii) 
= K- K* d o b a e d 

Now, the second term in this last equation is null because according to the 
Eq.(106), -]? b a ad = i?bda = ^bd are the components of the Ricci tensor, 
which is a symmetric tensor for the Levi-Civita connection. For the first term 
we get 

R* cd 9 c A 9 d = 0, (208) 
which implies that as we stated above that 

R a \ d = 0. (209) 

But according to Eq.(106) the R acd are not the components of the Ricci tensor, 
and so there is not any contradiction. As an additional verification recall that 
the standard form of the first Bianchi identity in Riemannian geometry is 

Rh a cd + R c a dh + Rd\c- = (210) 

cd + Rc da + Rd ac 
= Ra cd Rc ad + Rd ac 
= Ra%d + ^cd ~ ^dc 

= R a %d = 0. (211) 



14 Direct Calculation of D * T a 

We now present using results of Clifford bundle formalism, recalled above (for 
details, see, e.g., [22]) a calculation of D*T a . 



Making b = a we get 
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We start from Cartan first structure equation 

T a = d9 a + uj a f\9 h . (212) 

By definition 

D*T a = d*T a + w a A*T b . (213) 

A 2 

Now, if we recall Eq.(39), since the T a e sec/\ T*M sccC£(M,g) we 
can write 

d*T a = *5T a . (214) 
We next calculate ST a . We have: 

<5T a = S (d6 a + uj a A 9 h ) 

= sde a + dse a -dse a + s(uj a A9 h ). (215) 

Next we recall the definition of the Hodge D'Alembertian which, recalling 
Eq.(112) permit us to write the first two terms in Eq.(215) as the negative 
of the square of the standard Dirac operator (associated with the Levi-Civita 
connection) 18 . We then get: 

ST a = - $ 2 9 a - d80 a + 5{u a A 9 h ) 

Eq.£l5) _ ^ A ^ a _ ^ + g ^ a A 

Eq.£27) _^ a _ ^ a _ ^ + s ^ a a ^ 

= -D9 a -TZ a + J a - d66 a + S{u a A 9 b ) (216) 
where we have used Eq(107) to write 

TZ a = R a 9 h = (Rl + J£)9 h . (217) 

So, we have 

d * T a = - * D9 a - *1l a + *J a - *d59 a + *5(uj a A 9 h ) 

and finally 

D * T a = - * D9 a - *ll a + *J a - *d69 a + *5(uj a A 9 h ) + u a A *T b (218) 

or equivalently recalling Eq.(35) 

D * T a = - * U9 a - *ll a + *J a - *d59 a + *6{uj a A 9 h ) — *(o> a jT b ) (219) 

Remark 18 Eq.(219) does not implies that D *T a = *7^g A 9 h because taking 
into account Eq.(203) 

*ft£A0 b = -*ll a ^ D*T a = -*a9 a -*ll a +*J a -*d59 a +*S(uj a A9 h )-ir{uj a jT h '> 

(220) 

in general. 

18 Be patient, the Riemann-Cartan connection will appear in due time. 



37 



So, for a Levi-Civita connection we have that D*T a = and then Eq.(218) 
implies 

D * T a = «• -D(9 a - 7^ a - rf(56» a + (5(w a A 6» b ) = (221) 
or since &> a A 9 h = — d# b for a Levi-Civita connection, 

D * T a = -D(9 a - 7e a - <M6> a - (5d(9 a = (222) 

or yet 

-U9 a - K a = - $ 2 9 a = cM(9 a + <5d6» a , (223) 
an identity that we already mentioned above (Eq.(113)). 

14.1 Einstein Equations 

The reader can easily verify that Einstein equations in the Clifford bundle for- 
malism is written as: 

ti a - ^R9 a = T* , (224) 

where R is the scalar curvature and T* 1 = —T£9 h are the energy-momentum 
1-form fields. Comparing Eq.(222) with Eq.(224). We immediately get the 
"wave equation" for the cotetrad fields: 

T a = -^Re a -ne a -dS9 a -sde a 7 (225) 

which does not implies that the Ricci tensor is null. 

Remark 19 We see from Eq.(225) that a Ricci flat spacetime is characterized 
by the equality of the Hodge and covariant D' Alembertians acting on the coterad 
fields, i.e., 

ne a = oo a , (226) 

a non trivial result. 

Exercise 20 Using Eq.(120) and Eq.(121 ) write D9 a in terms of the connec- 
tion coefficients of the Riemann-Cartan connection. 

15 Two Counterexamples to Evans (Wrong) Equa- 
tion "D ★ T a = *Kl A # b " 

15.1 The Riemannian Geometry of S 2 

Consider the well known Riemannian structure on the unit radius sphere [12] 
{S 2 ,g, £>}. Let {x 1 }, x 1 — i? , x 2 — ip, < -d < ir, < tp < 2ir, be spherical 
coordinates covering U = {S 2 — 1} , where / is the curve joining the north and 
south poles. 
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A coordinate basis for TU is then {d^} and its dual basis is {# M = dx^}. 
The Ricmannian metric g G secT^M is given by 

g = d& ® dft + sin 2 ddip <g> (227) 

and the metric g€ sec T® M of the cotangent space is 

g = a 1 ®a l + ^-d 2 ®d 2 . (228) 

sin v 

An orthonormal basis for TU is then {e a } with 

ei = 0i,e 2 = — q d 2 , (229) 
sinu 

with dual basis {8 a } given by 

1 = di9,d 2 = smtidtp. (230) 

The structure coefficients of the orthonormal basis are 

[ei,ej]= C He k (231) 

and can be evaluated, e.g., by calculating dO 1 = — |cj k 0j A k . We get immedi- 
ately that the only non null coefficients are 

c i2 = - c !i = - cot °- (232) 
To calculate the connection 1-form u^j we use Eq.(92), i.e., 



Then, 



Then 



^ 21 = ^(-cL^ 11 - t? 22 ^ 11 ^ 2 - cot^ 2 . (233) 



co 21 = -^ 12 = cot^ 2 , 

= -u\ = coti?6> 2 , (234) 

w 2 ! = cott?, uj^ = 0. (235) 
Now, from Cartan' s second structure equation we have 

Til = duj\ + il>\ A oj\ + u>2 A il>2 = dw\ (236) 
= 9 1 A 2 
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and 19 

R212 = ~R2 2i = ~Rii2 = R121 = 2" (237) 

1 A 

Now, let us calculate *Ul € sec/\ T*M. We have 

★7^ = 7^jrg = -(0 1 A 9 2 )j(0 1 A 2 ) = -0 1 9 2 1 9 2 

= (6 1 ) 2 (9 2 ) 2 = 1 (238) 

and 

A 6» a = K\ A 6> 2 = 9 2 ^ 0. (239) 

Now, Evans equation implies that *7£* A 1 — for a Levi-Civita connection 
and thus as promised we exhibit a counterexample to his wrong equation. 

Remark 21 We recall that the first Bianchi identity for (S 2 , g, D) , i.e., DT a = 
IZfr A h = w/iic/i translate in the orthonormal basis used above in Rh a c d + 
i? c a db + ^d a bc- = is rigorously valid. Indeed, we have 

^?2 1 12 + ^l^l + R-i\x — ^?2 X 12 — ^?2 X 12 = 0, 

-Ri 2 i2 + -Ri 2 2i + R 2 2 2i — Ri 2 i2 — Ri 2 i2 — 0. (240) 

15.2 The Teleparallel Geometry of (S 2 ,g,D) 

Consider the manifold S 2 — {S^north pole} C R 3 , it is an sphere excluding 
the north pole. Let g € secT^S 2 be the standard Riemann metric field for 
S 2 (Eq.(227)). Now, consider besides the Levi-Civita connection another one, 
D, here called the Nunes (or navigator [17]) connection 20 . It is defined by the 
following parallel transport rule: a vector is parallel transported along a curve, 
if at any x € S 2 the angle between the vector and the vector tangent to the 
latitude line passing through that point is constant during the transport (see 
Figure 1) 

As before (a; 1 ,^ 2 ) = (1?, <p) < 1? < n, < (p < 2ir, denote the standard 
spherical coordinates of a S 2 of unitary radius, which covers U — {S 2 — I}, 
where I is the curve joining the north and south poles. 

Now, it is obvious from what has been said above that our connection is 
characterized by 

A^e; = 0. (241) 
Then taking into account the definition of the curvature tensor we have 

R(e k ,0 a , ei , ej ) = 9* ([D e; D ej - D e .D ei - Df^J e k ) = 0. (242) 



19 Observe that with our definition of the Ricci tensor it results that R = R\ + R\ = — 1. 

20 See some historical dctials in [22]. 



40 



and Settings/Waldir/Meus documentos/GS/S2-plano.jpg 



Figure 1: Geometrical Characterization of the Nunes Connection. 

Also, taking into account the definition of the torsion operation we have 

r(ei,ej) = T~e k = D ej e ; - D e .e s - [e ; ,ej] 

= [e,,ej] = c}je k) (243) 

T21 = -Tli = cot 0, T 2 \ = -T* 2 = 0. (244) 
It follows that the unique non null torsion 2-form is: 

T 2 = -cottfO 1 A8 2 . 

If you still need more details, concerning this last result, consider Figure 
1(b) which shows the standard parametrization of the points p,q,r,s in terms 
of the spherical coordinates introduced above [17]. According to the geometri- 
cal meaning of torsion, we determine its value at a given point by calculating 
the difference between the (infinitesimal) 21 vectors pr\ and pr-i determined as 
follows. If we transport the vector pq along ps we get the vector v — sri such 

21 This wording, of course, means that this vectors are identified as elements of the appro- 
priate tangent spaces. 
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that \g(v, w)| 2 = smflALp. On the other hand, if we transport the vector ps 
along pr we get the vector qr 2 = qr. Let w = sr. Then, 

\g(w,w)\^ =sin(tf- Atf)Aip ~ sin-dAip - costfAVAtp, (245) 

Also, 

u = r\T2 = —u( r- ^ 2), u = |g(M, = cosi9Ai?A(^. (246) 
sin w 

Then, the connection Z) of the structure (S 2 ,g,D) has a non null torsion ten- 
sor 6. Indeed, the component of u = r\r 2 in the direction d 2 is precisely 
T^A-dAip. So, we get (recalling that D Q d t = r^0 fc ) 

%=(r^-r^) = -coti?. (24?) 

Exercise 22 STiow £/iai D is metrical compatible, i.e., Dg= 0. 
Solution: 

= ^e c g-(ei,ej) = (L> ec g)(ei,ej) + g-(L> ec ei,ej) + g-(ei,L»e c ej) 
= (D ec g)( ei ,ej) (248) 

Remark 23 Oitr counterexamples that involve the parallel transport rules de- 
fined by a Levi-Civita connection and a teleparallel connection in S 2 show clearly 
that we cannot mislead the Riemann curvature tensor of a connection defined 
in a given manifold with the fact that the manifold may be bend as a surface in 
an Euclidean manifold where it is embedded. Neglecting this fact may generate 
a lot of wishful thinking. 



16 Conclusions 

In this paper after recalling the main definitions and a collection of tricks of the 
trade concerning the calculus of differential forms on the Cartan, Hodge and 
Clifford bundles over a Ricmannian or Ricmann-Cartan space or a Lorentzian 
or Riemann-Cartan spacctimc we solved with details several exercises involving 
different grades of difficult and which we believe, may be of some utility for 
pedestrians and even for experts on the subject. In particular we found using 
technology of the Clifford bundle formalism the correct equation for D*T a . We 
show that the result found in [10], namely "D *T a = *7?.^ A T b " is wrong since 
it contradicts the right formula we found. Besides that, the wrong formula is 
also contradicted by two simple counterexamples that we exhibited in Section 
15 . The last sentence before the conclusions is a crucial remark, which each 
one seeking truth must always keep in mind: do not confuse the Riemann cur- 
vature tensor 22 of a connection defined in a given manifold with the fact that 

22 The remark applies also to the torsion of a connection. 
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the manifold may be bend as a surface in an Euclidean manifold where it is 
embedded. 

We end the paper with a necessary explanation. An attentive reader may 
ask: Why write a bigger paper as the present one to show wrong a result not yet 
published in a scientific journal? The justification is that Dr. Evans maintains 
a site on his (so called) "ECE theory" which is read by thousand of people that 
thus are being continually mislead, thinking that its author is creating a new 
Mathematics and a new Physics. Besides that, due to the low Mathematical 
level of many referees, Dr. Evans from time to time succeed in publishing his 
papers in SCI journals, as the recent ones., [8, 9]. In the past we already showed 
that several published papers by Dr. Evans and colleagues contain serious flaws 
(see, e.g., [5, 21]) and recently some other authors spent time writing papers to 
correct Mr. Evans claims (see, e.g.,[l, 2, 3, 14, 15, 28]) It is our hope that our 
effort and of the ones by those authors just quoted serve to counterbalance Dr. 
Evans influence on a general public 23 which being anxious for novelties may be 
eventually mislead by people that claim among other things to know [6, 7, 8, 9] 
how to project devices to withdraw energy from the vacuum. 

Acknowledgement 24 The author is grateful to Prof. E. A. Notte-Cuello, 
for have checking all calculations and discovered several misprints, that are now 
corrected. Moreover, the author will be grateful to any one which point any 
misprints or eventual errors. 
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